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Abstract
We present the construction of Maxwell’s equal area law for the Guass-Bonnet
AdS black holes in d = 5, 6 and third order Lovelock AdS black holes in d =
7, 8. The equal area law can be used to find the number and location of the
points of intersection in the plots of Gibbs free energy, so that we can get the
thermodynamically preferred solution which corresponds to the first order phase
transition. We obtain the radius of the small and large black holes in the phase
transition which share the same Gibbs free energy. The case with two critical
points is explored in much more details. The latent heat is also studied.
1 Introduction
The geometric description of the black hole is described by Einstein’s General relativ-
ity. However, since the groundbreaking work of Hawking and Bekenstein, new features
began to show. People found black holes have thermodynamic properties. In the pres-
ence of a negative cosmological constant, more thermodynamic aspects emerge. The
black holes possess rich phase structure and admit critical behavior. The phase transi-
tion between stable large black holes and thermal gas in Schwarzschild AdS space-time
was found in 1980s, which is known as Hawking-Page phase transition [1]. It has been
explained by Witten as the gravitational dual of the QCD confinement/deconfinement
transition [2, 3]. Another important example is a first order phase transition which is
reminiscent of the van der Waals liquid-gas transition in Reissner-Nordstrom AdS(RN
AdS) spacetime [4–6].
Recently, this analogy is extended to more general cases [7–10]. By identifying the
negative cosmological constant as a thermodynamical variable, we can reconsider the
critical behavior of AdS black holes in an extended phase space, i.e. the P−V diagram.
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The black hole mass M should be regarded as the enthalpy H rather than the internal
energy [7]. We interpret the cosmological constant Λ as an effective pressure, while its
conjugate variable V , which is defined as V = ∂M
∂P
, can be taken as thermodynamical
volume. The physical meaning of the thermodynamical volume remains to be fully
understood, but it is conjectured to satisfy the reverse isoperimetric inequality [11],
which indicates that the spherical boundary minimizes surface area for a given volume.
However, recent works find some black holes violate this inequality, such as the rotating
AdS black hole in ultraspinning limit [12] and Lifshitz black holes [13]. These black
holes are called super-entropic.
Many papers have been pursuing the above ideas for different choices of AdS black
holes with positive, zero, or negative constant curvature [14–47]. In our previous work
[48] we investigate the critical behavior of Gauss-Bonnet AdS black holes by taking
the Gauss-Bonnet coupling constant as a free variable [49]. In another work [50], we
studied the criticality of the third order Lovelock black holes. We find a single critical
point for spherical horizon in d = 7, and two for d = 8, 9, 10, 11. There is always a
single critical point in d ≥ 7 for hyperbolic horizon.
In RN AdS space-time, there is an oscillating part at low enough temperature on
P − V plane. It predicts a first order phase transition in the plot of Gibbs free energy.
This oscillating part should be replaced by an isobar which satisfies the Maxwell’s
equal area law and represents the small-large black holes coexistence line. The phase
transition is characterized by the Hawking radiation with a constant temperature.
One may wonder whether the pressure can vary during the phase transition or not.
In fact, the isobar is a constant temperature line in constant pressure, so the AdS
background geometry remains the same in the phase transition [51]. There have been
some papers studying the this idea for different AdS black holes [51–56]. The equal
area law construction can be equally applied on the T − S plane. There are also some
suggestions that the holographic entanglement entropy (HEE) may also undergo van
der Waals-like phase transition [57–60] on T -HEE plane. However, up to now the dual
field theory interpretation of this phase transition remains to be an open problem.
When calculating the integral of PdV , different authors make different choices for
the volume. Some people use the thermodynamic volume V = (∂H
∂P
)S, while others use
the specific volume v, which is proportional to the black hole radius. Both of them
can obtain the correct critical exponents. However, we want to state that only the
thermodynamic volume V should be used in the equal area law. During the phase
transition the Gibbs free energy is unchanged. On the other hand, the integral of Pdv
do not have the scaling of Gibbs free energy, so the resulting solutions of the black hole
do not share the same Gibbs free energy. The equal area law cannot be used on the
P − v or T − v plane [56].
Motivated by the above consideration and progress, we extended the study of
Maxwell’s equal area law to Gauss-Bonnet gravity in d = 5, 6 and the third order
Lovelock gravity in d = 7, 8. This is not a trivial repetition of the previous approach
to new models. The authors of [53] investigated the charged Gauss-Bonnet AdS black
holes, but they used the specific volume v in the equal area law. In this work we apply
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the thermodynamic volume V = (∂H
∂P
)S. We will show the small and large black holes
indeed have the same Gibbs free energy. For the third order Lovelock black holes in
d = 8, 9, 10, 11, there can be very rich phase structures in the extended phase space,
such as the reentrant phase transition which includes both first and zeroth order tran-
sition [18, 27, 50]. There exist two critical points Tc1 and Tc2. The equal area law for
this kind of system has not been studied before. Isothermal plots of the Gibbs free
energy in Tc1 < T < Tc2 do not always predict the existence of thermodynamically
preferred coexistence state of small and large black holes. We show this is because the
equal area law corresponding to the first order phase transition is not always satisfied
in the region Tc1 < T < Tc2. There is a value Tt located between Tc1 and Tc2. In the
region Tt < T < Tc2, rather than Tc1 < T < Tc2, we can find the first order phase tran-
sition. For T < Tt only one phase of large black holes exists. In this paper, we use the
numerical method to give the value of Tt in d = 8. Tt is the ”real critical temperature”
which can predict the swallow tail corresponding to the thermodynamically preferred
coexistence state of small and large black holes. Furthermore, we could get the latent
heat in the first order phase transition.
The paper is organized as follows. In the next section, we provide a brief review
about thermodynamics of Guass-Bonnet AdS black holes. Then we study the equal
area law in d = 5, 6. In Section 3 we investigate the third order Lovelock black hols in
d = 7, 8. Finally in Section 4 we present some concluding remarks.
2 Equal area law for Gauss-Bonnet AdS Black holes
We start with a brief review of the thermodynamics of Gauss-Bonnet AdS Black holes.
The detailed calculation can be found in [21, 62]. Setting the Newton constant G = 1,
the action is written as
I = 1
16pi
∫
ddx
√−g[R− 2Λ + αGB(RµνγδRµνγδ − 4RµνRµν +R2)], (1)
where αGB is the Gauss-Bonnet coefficient, or known as the second-order Lovelock
coefficient and cosmological constant Λ = − (d−1)(d−2)
2l2
. The Lovelock coefficients are
proportional to the inverse string tension with positive coefficients in string theory, so
in this paper we only consider the case αGB > 0.
The static solution of the black hole takes the form [21, 61–66]
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dΩ2k, (2)
where
f(r) = k +
r2
2α
(
1−
√
1 +
64piαM
(d− 2)Σkrd−1 −
64piαP
(d− 1)(d− 2)
)
, (3)
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k = 0,±1 and dΩ2k is the line element of a (d − 2)-dimensional maximally symmetric
Einstein manifold with curvature (d− 2)(d− 3)k and volume Σk. M is the black hole
mass, P = − Λ
8pi
and α = (d − 3)(d − 4)αGB. The radius of the AdS black hole r+ is
the largest root of f(r) = 0. By identifying H ≡ M , we can obtain the enthalpy and
temperature with the help of two equations f(r+) = 0 and T =
f ′(r+)
4pi
, which yield
H ≡ M = (d− 2)Σkr
d−3
+
16pi
(
k +
k2α
r2+
+
16piPr2+
(d− 1)(d− 2)
)
, (4)
T =
16piPr4+/(d− 2) + (d− 3)kr2+ + (d− 5)k2α
4pir+(r
2
+ + 2kα)
. (5)
It can be observed d = 5 is different from other dimensions, since the factor (d− 5)
controls the lowest power term of r+ in Eq.(5). It is perhaps d = 2k + 1 is the lowest
dimension in which the k-th order Lovelock density can affect the local geometry. We
can find the same phenomenon in the third order Lovelock black holes, where d = 7
is different from the others. The critical behavior in these dimensions will also be
distinguished from the higher dimensions.
We can calculate the other thermodynamic quantities. The black hole entropy [62]
S =
Σkr
d−2
+
4
(
1 +
2(d− 2)αk
(d− 4)r2+
)
, (6)
and the thermodynamic volume [21]
V =
(
∂H
∂P
)
S,α
=
Σkr
d−1
+
d− 1 . (7)
The thermodynamic volume is a monotonic function of the horizon radius. It is
easy to check these thermodynamic quantities satisfy the first law of black hole ther-
modynamics in the extended phase space
dH = TdS + V dP + ψdα. (8)
We treat the Gauss-Bonnet coefficient as a variable here and ψ is the thermodynamic
conjugate of α [49]. In addition, the Gibbs free energy can be obtained by Legendre
transformations as
G = G(T, P ) = H − TS. (9)
Eq.(5) can be rearranged into the following form,
P =
d− 2
4r+
(
1 +
2kα
r2+
)
T − (d− 2)(d− 3)k
16pir2+
− (d− 2)(d− 5)αk
2
16pir4+
. (10)
Now we consider Maxwell’s equal area law. When the temperature is low enough,
there may exist three black holes with different sizes at the same pressure. The medium
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sized black hole is unstable because its heat capacity is negative. The oscillating part
of the isotherm should be replaced by an isobar which implies the small black hole
jumps to a large one. This is a first order phase transition. The location of the isobar
is determined by the Maxwell’s equal area law since the Gibbs free energy remains
unchanged during the phase transition. It satisfies following two equations [51]
P (r1, T ) = P (r2, T )
P (r2, T )(V2 − V1) =
∫ r2
r1
P (r+, T )dV
(11)
where P = P (r1, T ) = P (r2, T ) is an isobar defining equal areas, r1 and r2 are the radius
of the small and large black holes respectively. When we get the solution (r1, r2), the
latent heat L between the two phases can be easily obtained as
L = T
(
S(r2)− S(r1)
)
=
ΣkT
4
(
rd−22 − rd−21 +
2(d− 2)αk
d− 4 (r
d−4
2 − rd−41 )
)
, (12)
which measures the loss(gain) of the black hole mass during the phase transition.
We consider the case of d = 5 firstly. Inserting (10) and (7) into (11), we can have
the solutions shown as following two cases.
1) The case of k = 0
The equal area law (11) becomes
3T
4r1
=
3T
4r2
3T
4r2
(r42
4
− r
4
1
4
)
=
∫ r2
r1
3T
4
r2+dr+,
(13)
the only solution is
r1 = r2 = const
which is obviously trivial. There is only one branch of locally thermodynamically stable
black holes. The Eq.(10) is identical to the equation of state of the ideal gas. There is
no critical behavior.
2) The case of k 6= 0
When k 6= 0, (11) takes the form
3
4r1
(
1 +
2kα
r21
)
T − 3k
8pir21
=
3
4r2
(
1 +
2kα
r22
)
T − 3k
8pir22
,
( 3
4r2
(
1 +
2kα
r22
)
T − 3k
8pir22
)(r42
4
− r
4
1
4
)
=
∫ r2
r1
(3T
4
r2+ −
3kr+
8pi
+
3kαT
2
)
dr+.
(14)
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Rearranging above two equations, the first one becomes
2piTr21r
2
2 = kr1r2(r1 + r2)− 4pikαT (r21 + r1r2 + r22), (15)
and the second one is
2piT (r21 + r1r2 + r
2
2) = 3k(r1 + r2)− 36pikαT. (16)
Combining (15) and (16) together, we have
r1r2(r1 + r2) = 4piαT (r
2
1 + 4r1r2 + r
2
2) (17)
Inserting (17) into (15) we obtain
r1r2 = 6kα. (18)
We introduce a new coefficient y which satisfies
r1 = y
√
6αk, r2 =
√
6αk
y
, (19)
then inserting (19) into (17) we have
4pi
√
αTy4 −
√
6ky3 + 16pi
√
αTy2 −
√
6ky + 4pi
√
αT = 0. (20)
Since α > 0, k must be non-negative, so we will take k = +1. When y = 1, r1 = r2 =√
6α. It is exactly the critical radius obtained in [21]. The corresponding temperature
T = 1
pi
√
24α
, which is the critical temperature Tc. In this case, the size of the three black
holes becomes identical. The phase transition is second order. When T > Tc, no real
root of (20) can be found, so there is no critical behavior. When T < Tc, we can find
one solution (r1, r2). This is also the location where the first order phase transition
happens.
It is natural to consider the limit T → 0. We can take the limit T → 0, but T
can not equal to zero because T controls the lowest power term of r+ in P , which is
3αT/2r3+. If T = 0, there will be no oscillating part so that the equations of equal area
law (11) and the solution (19) and (20) are not valid anymore. From solution (20) we
know
T =
√
6(y3 + y)
4pi
√
α(y4 + 4y2 + 1)
. (21)
If T → 0, we have y → 0 or y → +∞ from the above formula. Since r2 =
√
6αk
y
≥
y
√
6αk ≥ 0, y must satisfy 0 ≤ y ≤ 1, so we will take y → 0, which leads to r2 → +∞
and r1 → 0. To the leading order T ∼
√
6y
4pi
√
α
= 3
2pir2
. We could also insert T ∼ 3
2pir2
,
r2 → +∞ and r1 → 0 to the second condition of Eq. (11). The LHS is[ 3
4r2
(
1 +
2α
r22
)
T − 3
8pir22
](r42
4
− r
4
1
4
)
=
3
16
Tr32 −
3
32pi
r22 +
3α
8
Tr2 (22)
∼ 3
16pi
r22, (23)
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while the RHS is∫ r2
r1
[ 3
4r+
(
1 +
2α
r2+
)
T − 3
8pir2+
]
d
(r4+
4
)
=
1
4
Tr32 −
3
16pi
r22 +
3α
2
Tr2 (24)
∼ 3
16pi
r22. (25)
The LHS and RHS are equal in T → 0. The term Tr32 ∼ r22. From the (12) we obtain
the latent heat
L = T
(
S(r2)− S(r1)
)
=
ΣkT
4
(
r32 − r31 + 6αk(r2 − r1)
)
. (26)
When T → 0, L ∼ Tr32 ∼ r22 → +∞.
If the dimension of the spacetime becomes higher, the analytic solution of (11) will
become more difficult to obtain. In the following part we will use the numerical method
to solve (11) by setting α = Σk = 1. If we fix the value of T , the radius r1 and r2 can
be obtained directly. In Table 1 and Figure 1 we present some numerical solutions and
isothermal plots of the pressure and Gibbs free energy. In Figure 2 we give the plot
of latent heat varies with temperature T . When T is near to critical temperature Tc,
the latent heat approaches zero. When T decreases, the latent heat becomes larger. It
goes to infinity as T → 0. This also agrees well with our numerical analysis.
Secondly, when d = 6, no real root of (11) can be found except r1 = r2 = const,
so there is no critical behavior. This is because the last term in (10) dominates the
equation of state at small radius. There do not exists the oscillating part where the
phase transition could occur.
T r1 r2 G L
0.065 2.4495 2.4495 −0.0001 0
0.030 0.4078 14.7142 0.0508 24.5362
0.010 0.1267 47.3671 0.0587 266.3965
0.003 0.0377 159.0418 0.0596 3017.8521
0.001 0.0126 477.4271 0.0597 27206.5026
Table 1: The numerical solutions of Gauss-Bonnet black holes in d = 5 and k = +1.
We set α = Σk = 1. When T = 0.065 = Tc, we have r1 = r2 = 2.4495 = rc. There
is no first order phase transition. When T < Tc, we can obtain the value of r1 and
r2. They also share the same Gibbs free energy and the latent heat can be obtained.
When T → 0, the latent heat is divergent.
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Figure 1: Isothermal plots of the pressure and Gibbs free energy in d = 5 and k = +1
for Gauss-Bonnet AdS black holes. The curves at T = Tc are depicted in dashed line.
When T < Tc, there exist three black holes with different sizes at the same pressure, and
the Gibbs free energy with respect to pressure develops a swallow tail which predicts
a first order phase transition.
Figure 2: Relationship between the latent heat L and temperature T in d = 5 and
k = +1 for Gauss-Bonnet AdS black holes. When T → 0, L is divergent.
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3 Equal area law for the third order Lovelock black
holes
Now we study the equal area law for the third order Lovelock black holes. The action
is given by
I = 1
16pi
∫
ddx
√−g(R− 2Λ + α2L2 + α3L3), (27)
where the Gauss-Bonnet density L2 and the third order Lovelock density L3 read as
L2 = RµνγδRµνγδ − 4RµνRµν +R2, (28)
L3 = R3 + 2RµνσκRσκρτRρτµν + 8RµνσρRσκντRρτµκ + 24RµνσκRσκνρRρµ
+ 3RRµνσκRµνσκ + 24R
µνσκRσµRκν + 16R
µνRνσR
σ
µ − 12RRµνRµν . (29)
For the Gauss-Bonnet coefficients α2 and the third order Lovelock coefficients α3,
we adapt the popular choice, which satisfy the following equations
α2 =
α
(d− 3)(d− 4) , α3 =
α2
72
(
d−3
4
) . (30)
We can have the analytic static black hole solution of the form [67–70]
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dΩ2k, (31)
f(r) = k +
r2
α
(
1−
(
1 +
6Λα
(d− 1)(d− 2) +
3αm
rd−1
) 1
3
)
, (32)
The radius of the black hole horizon is also the largest root of f(r) = 0. We identify
H ≡M and T = f ′(r+)
4pi
. Inserting P = − Λ
8pi
and M = (d−2)Σkm
16pi
into f(r), we have
H =
(d− 2)Σkrd−3+
16pi
(
k +
16piPr2+
(d− 1)(d− 2) +
αk2
r2+
+
α2k
3r4+
)
, (33)
T =
1
12pir+(r2+ + kα)
2
(
48pir6+P
(d− 2) + 3(d− 3)r
4
+k + 3(d− 5)r2+αk2 + (d− 7)α2k
)
.
(34)
The d = 7 case is qualitatively different from other choices, because the last term
in (34) vanishes when d = 7. The critical behavior in d = 7 is also distinguished from
the cases of higher dimensions.
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The other thermodynamic quantities we need can also be easily calculated [50]. The
black hole entropy
S =
Σkr
d−2
+
4
(
1 +
2(d− 2)kα
(d− 4)r2+
+
(d− 2)k2α2
(d− 6)r4+
)
(35)
and the thermodynamic volume
V =
(
∂H
∂P
)
S,α
=
rd−1Σk
d− 1 . (36)
These thermodynamic quantities satisfy the first law of black hole thermodynamics
in the extended phase space (8).
Eq.(34) can be rearranged into the following form,
P =
T (d− 2)
4r+
− k(d− 2)(d− 3)
16pir2+
+
Tkα(d− 2)
2r3+
− k
2α(d− 2)(d− 5)
16pir+4
+
Tk2α2(d− 2)
4r5+
− k
3α2(d− 2)(d− 7)
pir6+
. (37)
Considering the Maxwell’s equal area law described by (11), we need to discuss
following three cases.
1) Ricci flat case with k = 0
When k = 0, (37) reduces into
P =
T (d− 2)
4r+
(38)
It is identical to the equation of state of an ideal gas, so there is no critical behavior
when k = 0 in any dimension.
2) Hyperbolic case with k = −1
In this case, the pressure will become
P =
T (d− 2)
4r+
+
(d− 2)(d− 3)
16pir2+
− Tα(d− 2)
2r3+
− α(d− 2)(d− 5)
16pir+4
+
Tα2(d− 2)
4r5+
+
α2(d− 2)(d− 7)
pir6+
. (39)
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Firstly, let us consider the case of d = 7 and α = 1. The last term in (40) vanishes
and the pressure takes the form
P =
5T
4r+
+
5
4pir2+
− 5T
2r3+
− (d− 2)
8pir+4
+
5T
4r5+
, (40)
and the thermodynamic volume becomes
V =
Σkr
6
+
6
. (41)
Inserting the (40) and (41) into the equal area law (11), we can solve the equations
(11) by applying the numerical method. When T = 1
2pi
, we will have r1 = r2 = 1.
It is necessary to state T = 1
2pi
and r+ = 1 are exactly the critical temperature Tc
and critical radius rc obtained in [50] respectively. When T < Tc or T > Tc, we can
always find one solution (r1, r2), which predicts the existence of a first order phase
transition. This is very different from other cases, such as the RN AdS black hole,
where the oscillating part in isothermal plot of pressure is only found in T < Tc, or
four-dimensional conformal AdS black hole [34], where the phase transition happens in
T > Tc. In Table 2 and Figure 3 we give the numerical solutions and isothermal plots
of Gibbs free energy. In Figure 4 we give the plot of latent heat varies with temperature
T . The relationship between the latent heat and temperature is very different from
other AdS black holes. The latent heat L = 0 when T = Tc. In the region T > Tc, when
T increases, the latent heat also increases. It goes to infinity as T approaches infinity.
On the other hand, L → 0 as T → 0. There is an extreme value of L in 0 < T < Tc.
We do not know any other black holes which exhibit similar thermodynamic behaviors.
It is would be interesting if we can find other examples which appear similar behaviors.
T r1 r2 G L
10 0.8247 2.6743 −6.4137 209.4109
5 0.8262 2.6327 −3.2117 95.2152
1 0.8398 2.3184 −0.6483 8.5983
1
2pi
1 1 − 1
3pi
0
0.1 0.6339 1.1249 −0.0677 0.0065
0.05 0.3146 1.2682 −0.0427 0.0169
0.01 0.0628 1.3857 −0.0335 0.0071
Table 2: The numerical solutions of the third order Lovelock black holes in d = 7 and
k = −1. When T = 1
2pi
, we have r1 = r2 = 1 = rc. When T 6= Tc, there is always a
swallow tail which predicts the first order phase transition.
The results for the d > 7 cases are extremely similar to the d = 7 case. We can
always find the critical temperature Tc where r1 and r2 coincide. When T 6= Tc, there
is a first order phase transition.
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Figure 3: Isothermal plots of Gibbs free energy at d = 7 and k = −1 in T > Tc and
T < Tc. The curves at T = Tc are depicted in dashed line.
Figure 4: Relationship between the latent heat L and temperature T in d = 7 and
k = −1 for third order Lovelock AdS black holes.
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Figure 5: Isothermal plots of the pressure and Gibbs free energy at d = 7 and k = +1
for third order Lovelock black holes. The curves at T = Tc are depicted in dashed line.
3) Spherical case with k = +1
We also consider the case of d = 7 first. In this case Eq.(37) becomes
P =
5T
4r+
− 5
4pir2+
+
5T
2r3+
− 5
8pir+4
+
5T
4r5+
. (42)
Inserting the pressure (42) and thermodynamic volume (41) into the equal area law
(11), we find when T > 0.1424, no real root can be found. T = 0.1424 is the critical
temperature Tc obtained in [50]. In T = 0.1424, we have r1 = r2 = 2.2361, which is the
critical radius rc [50]. When T < 0.1424, we can find one solution (r1, r2). There is a
first order phase transition. The numerical solutions are given in Table 3. In Figure 6
we give the relationship between the latent heat L and temperature T . As T is close to
critical temperature Tc, the latent heat approaches zero. When T decreases, the latent
heat becomes larger. It goes to infinity as T → 0. This is very similar with the Gauss
Bonnet AdS black holes in d = 5 and k = +1.
T r1 r2 G L
0.1424 2.2361 2.2361 −0.1331 0
0.1000 0.7000 6.7497 −0.0143 376.5958
0.0500 0.3168 15.3934 0.0230 1.0956× 104
0.0100 0.0628 79.4768 0.0328 7.9318× 106
Table 3: The numerical solutions of the third order Lovelock black holes in d = 7 and
k = +1. When T < 0.1424, there is a first order phase transition. The latent heat
L→ +∞ when T → 0.
Next we investigate the case d = 8, which is much more complicated. Numerical
solutions show that when T < 0.1364 or T > 0.1857, no real root can be found in the
equation of equal area law. T = 0.1364 and T = 0.1857 are the two critical points
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Figure 6: Relationship between the latent heat L and temperature T in d = 7 and
k = +1 in third order Lovelock AdS black holes.
labeled Tc1 and Tc2 found in [50] respectively. The Gibbs free energy resembles the
curve characteristic for the Schwarzschild AdS black hole.
In T = Tc, the isobar which represents the coexistence of small and large black
holes shrinks to a point. When temperature becomes larger or(and) smaller than the
Tc, the oscillating part in the isothermal plot of pressure begins to appear. However, in
our system, there are two critical temperature and the swallow tail can be found when
temperature is near both of them. In the region Tc1 < T < Tc2, we have one solution as
T approaches Tc1 or Tc2 and three solutions in the middle of it. The isothermal plots of
Gibbs free energy are complicated. By solving the equations of equal area law, we can
obtain the number and location of the points of intersection in the isothermal plots of
the Gibbs free energy, so that we can know where the phase transition appears and the
value of latent heat.
T r1 r2 G L
0.1390 0.3540 0.7085 0.0052 none
0.1393 0.3493 0.7204 0.0052 none
0.3924 5.6093 0.0053 1191.4823
0.1580 0.2297 1.2802 0.0041 none
0.2298 4.4869 0.0040 none
0.7440 4.4877 −0.0020 372.9974
0.1825 1.4309 2.7940 −0.0488 29.8691
Table 4: The numerical solutions of the third order Lovelock black holes in d = 8.
’None’ means that there is a solution which predicts a point of intersection in the
isothermal plots of Gibbs free energy, but it is not thermodynamically preferred, which
does not predict a first order phase transition.
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Figure 7: Isothermal plots of the Gibbs free energy at d = 8 and k = +1 at Tc1 < T <
Tc2. These figures correspond to T = 0.1390, T = 0.1393, T = 0.1580 and T = 0.1825
respectively. We pay our attention to the region where the solutions of equal area law
are found. In (a), (b) and (c) the lines along the G direction would join together in a
large but limited G. The lines in (c) and (d) along the P direction also join together
in a large but limited P . As r+ →∞, P → 0.
In Table 4 and Figure 4 we give the numerical solutions and corresponding isother-
mal plots of Gibbs free energy. When T = 0.1390, which is slightly larger than T = Tc1,
we have one solution of (r1, r2). However, we do not consider it as a phase transition
for two reasons. Firstly, the corresponding pressure P < 0. The pressure P = − Λ
8pi
can become negative in a isothermal process. However, since the P − V analysis may
not valid in de Sitter spacetime, we would consider the P < 0 as unphysical in our
paper. Secondly, when the temperature becomes higher, this solution can moved to the
region P > 0, but it is only locally stable and not thermodynamically preferred. This
is similar with the Hawking-Page phase transition. When T = 0.1393, the swallow
tail corresponding to the Tc2 and the first order phase transition begin to appear. We
denote the T = 0.1393 as Tt. In fact, when the temperature is slightly larger than Tt,
we can observe a finite jump in Gibbs free energy, which has a discontinuous global
minimum. This is the reentrant phase transition, a phenomenon seen in rotating black
holes [18] and Born-Infeld black holes [27]. At T = 0.1580 we can have three solu-
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Figure 8: Relationship between the latent heat L and temperature T in d = 8 and
k = 1 in third order Lovelock AdS black holes.
tions because the two swallow tails cross each other. Two of the solutions are not
thermodynamically preferred while the other one predicts the phase transition. When
T = 0.1825, the swallow tail corresponding to Tc1 has already disappeared. We only
have one solution, which also predict the first order phase transition. In the region
Tt < T < Tc2, rather than Tc1 < T < Tc2, we can find the first order phase transition,
so the Tt is the ’real critical temperature’ which can predict the thermodynamically
preferred first order phase transition, while the the smaller critical point Tc1 does not
participate in the phase transition. In Figure 8 we give the relationship between the
latent heat L and temperature T in the region Tt < T < Tc2. When T increases, the
latent heat decreases. The latent heat L vanishes as T = Tc2. When T < 0.1393, there
is no latent heat.
In the cases of d = 9, 10, 11, the calculation will be much more tedious. All the
solutions of r1 and r2 lie in the region of P > 0 in d = 10, 11. This is the only
difference with d = 8, 9. Other results are similar with the case of d = 8. We will not
present it here. When d ≥ 12, there is no critical behavior.
4 Concluding remarks
Although the Maxwell’s equal area law for some systems have been studied, other
systems with rich structures are somehow overlooked. In this paper, we explored the
equal area law for the Gauss Bonnet and third order Lovelock gravity, there are several
interesting features:
• In the 5− d Gauss Bonnet AdS black holes and 7− d third order Lovelock black
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holes at k = +1, there is one solution of Maxwell’s equal area law when T < Tc,
which predicts a first order phase transition. When T → 0, the latent heat
L→ +∞;
• In the third order Lovelock black holes when k = −1, there is always a solution
when T < Tc or T > Tc. when T → +∞, the latent heat L is divergent. When
T → 0, the latent heat also approaches zero. There is an extreme value of L
in 0 < T < Tc. We do not know any other black holes which exhibit similar
thermodynamic behaviors;
• When there are two critical points, such as the third order Lovelock black hole
in d = 8 and k = +1, the reentrant phase transition may appear. The number of
the solutions of equal area law reveals the number of the points of intersection in
the plots of Gibbs free energy. The first order phase transition can only be found
in Tt < T < Tc1, where Tt is the ’real critical temperature ’ which predicts the
thermodynamically preferred phase transition. The swallow tail corresponding
to the Tc1 is only locally stable. One can also investigate the second order phase
transition in these critical points [71–77], but they are not always globally stable.
The latent heat decreases from Tt to Tc2.
The Maxwell’s equal area law provides us an efficient way to study the critical
behavior of black holes. We can obtain the physical quantities of the black holes
during the phase transition, such as the radius, Gibbs free energy and latent heat. It
would be interesting to explore the use of equal area law in other gravity theories,
especially the ones with unusual thermodynamical behaviors.
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